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In this paper we consider the age-distributions of n ranked elements 
whose ages at time t = 0 are 0 < xi < x2 < . . . < x,; any single element 
may be replaced at random, the probability of replacement of the element 
of rank i at time t being p<(t) > 0, where Cy-, p,(t) = 1. 
It is assumed in the first instance that the replacement times form a 
Poisson process with parameter h(t). If we denote by [f&,x, t 1 xi, 0)] 
the age distribution functions of the elements of rank i, these are shown 
to satisfy certain partial differential equations; explicit solutions to these 
are obtained. When h(t) = h and pi(t) = pi are constant, they simplify 
to an elementary form. 
The methods used for the Poisson replacement process apply with some 
modifications to the case where replacement times are distributed accord- 
ing to an Erlang distribution. Solutions are obtained for the age distribu- 
tion functions of ranked elements in each of the K different stages of the 
Erlang process when A(t) = X and pi(t) = pi are constant. 
The problem considered in this paper, which was outlined briefly [I] at 
the International Congress of Mathematicians in Stockholm, 1962, arises 
naturally from a model for the age-distribution of bacterial virus DNA 
strands reproducing within a bacterium. The model may, however, also fit 
other renewal processes in which the random replacement of single elements 
is involved. 
Suppose that at any time t > 0, one of the elements in a pool of fixed size 
n whose ranked ages are 
0 < q(t) < -** < x,(t), 
is subject to replacement by a new element of age zero. Starting with elements 
of ranked ages 0 < x1 < x2 < *+. < X, at time t = 0, we shall obtain the 
distribution function (d.f.) of the age of each ranked element at any time 
t > 0 for two particular replacement processes. The allied problem of the 
d.f.‘s of the ages of ranked elements directly after replacement times has 
previously been considered by Gani and Yeo [2]. 
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I. THEAGED.F.‘s OFRANKEDELEMENTSFORAPOISSONREPLACEMENTPROCESS 
We shall assume in the first instance that the replacement times form 
a Poisson process with time-dependent parameter A(t), and that the proba- 
bility of replacement of the ith ranking element at these instants is pi(t) > 0, 
where EYE1 p,(t) = 1. 
Let us denote by 
fi(x, t) = fi(x, t I xi 9 0) (i = 1, 2, *--, n) 
the d.f. of the age of the ith ranking element, given that the age of the ith 
element at t = 0 is xi . This d.f. has discontinuities in x for x > t (t fixed), 
and also in t for t < x (X fixed); it is clear, however, that 
fi(X, 0) = 1; ;; “, ; ;I 
whilef,(x, t) = 1 for x 3 xi + t. 
By considering these d.f.‘s at times t, t + 6t in each of the ranges 0 < x < t 
(j = 0), xj-i + t < x < xj + t ( j = 1, **a, n; x0 = 0), but with the proviso 
that the partial derivative with respect to t is taken to the left, while that 
with respect to x is taken to the right at the points x = xj + t ( j = 0, 1, *a., n), 
it is found that 
1 
40(t) 0 .‘. 
- qdt) 41(t) 0 ..’ 
= - h(t) 
i 
. . 
. 0 - %-l(t) qn&) 
fi 1 
fi 0 1 II [1 + WI : (1.1) fn 0 
where fi = fi(x, t), and qi(t) = pi+l(t) + *.a + pm(t) (i = 0, 1, a.. n - 1). 
Writing F and E for the column vectors consisting of the fi , and of the one 
and zeros respectively, and representing by Q(t) the square matrix consisting 
of the array of qi(t), we may denote (1.1) more simply in the various ranges 
of x in the form 
( & + &) F = - A(t) Q(t) F - E. (14 
After applying the simple transformation u = x - t, with t left unchanged, 
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this equation may be solved directly in the various ranges - t < u < 0, 
xj-1 < 24 < xj (j = 1,2, a**, n; x0 = 0). Let us write gd(u, t) =fi(x, t), and 
denote by G the column vector of the gi; then (1.2) becomes 
g + h(t)Q(t) G = h(t) E. (1.3) 
We first consider the simple case where each qi(t) = q&t) (i = 1, ..a, n - I), 
the qi being constants. Equation (1.3) then becomes 
$ + B(t) QG = h(t) E U-4) 
where p(t) = A(t) a(t), and Q is now the matrix array of elements pi . 
The solution to (1.4) is of the form 
G(u, t) = cQ~(~) IA(u) + I)(v) eQBfa) Edvl (1.5) 
where B(t) = Ji P(T) d 7, and the vector A(u) takes different values in each 
of the ranges - t 6 24 < 0 (j = 0), xjel < 24 < x, (j = 1, a**, n; x0 = 0). 
In the range - t < u < 0, A(u) may be found explicitly by setting u = - t 
(X = 0) in (1.5); we then obtain 
A(u) = 16” X(v) eQBtv) Edv. 
Thus, for 0 < x < t, the distribution function of ranked ages is 
F(x, t) = CZ-QB(~) 
I 
t h(v) eQB(v) Edv. 
t-x 
(1.6) 
In the remaining ranges xi-i < u < xj ( j = 1,2, **a, n; x0 = 0) we find 
on setting t = 0 in (1.5) that G(x, 0) = F(x, 0) = A(x) so that 
A(u) =F(x - t, 0). 
Each element of this vector is such that 
so that in the jth range xj-i < u < xj , A(u) is a vector whose first j - 1 
elements are equal to unity, the remaining n -j + 1 being zeros. 
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The d.f. F(x, t) may now be expressed for all values of x > 0 in the form 
F(x, t) = e-@(t) jF(x --~ t, 0) -c it h(v) eQBtV) Edv 
. 0 
6(x, t) jr “A(v) eQB(*) Edv j (1.7) 
whereS(x, t) = 1 ifx <t, andOifx > t. 
If the probabilities of replacement p,(t) = p&t) are all nonzero then the 
matrix QB(t) in (1.7) may be written in the canonical form 
pi(t) = A-lAAB(t). 
In this, A is the diagonal matrix of distinct roots q. , -*a, qnel and 
with the diagonal elements of A, A-l being unity. In this case, the expression 
(1.7) simplifies to 
F(x, t) = A-Qz”B’~’ A /F(x - t, 0) + jt h(v) A-lenB(v) AEdv 
0 
- 6(x, t) j’-” h(v) A-WB(“) AEdv/ . 
0 
(1.8) 
When, in addition, LX(~) = 1 and A(t) = h is constant so that B(t) = At, we 
see that 
qx, t) = A-h+t”A [F(x - t, 0) + j: XA-le”““AEdv 
- 6(x, t) j:-” hA-‘e”*“AEdv] 
= A-1/1-1AE - S(x, t) A-lA-le-AZIIAE 
+ A-le-“t”A(F(x - t, 0) - A-lA-lAE + S(X, t) A-lk’AE) 
= u - S(x, t) A-le+S”AU - A-kAt”A(U[l - S(X, t)] -F(x - t, 0)) 
(1.9) 
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where klklAE = U is the column vector of unit elements. After some 
algebraic calculations, (1.9) leads to Davis’ [3] explicit form 
/ 
1 - g e+*@ @ (1 - 4kld 1-l if x<t 
ifk 
fi(xlt) =‘1 __ % e-~aat l~(l _ yk/~j)l-l if x, + t < x < x,+1 + t 
k=s j=s 
j#k (s = 0, 1, .‘., i - 1) 
\l if X>Xi+t (1.10) 
recently obtained using characteristic functional methods. It is clear that the 
vector of stationary distributions as t -+ co is given by 
F(x) = U - A-le-“““AU. (1.11) 
II. A SOLUTION FOR THE GENERAL CASE WITH 
TIME-DEPENDENT PARAMETERS h(t),pi(t) 
We now reconsider the general model in which the parameters A(t), qi(t) 
are both time-dependent. We note that the solution of form (1.5) to Eq. (1.3) 
depends on the commutativity of QB(t) and its derivative Q/?(t); this property 
does not carry over to the general case of sb X(T) Q(T) dT and its derivative 
h(t)Q(t). We may, however, use direct methods to solve Eq. (1.3); let us 
consider the d.f.‘s gi(u, t) in the ranges - t < u < 0, and 0 < u < xt 
(i = 1, **a, n) respectively. 
For i = 1, we have 
g + wg, = w (2.1) 
which yields, on integration with respect to t, the result 
g,(u, t) = 1 - C,(u) ePo(t) (2.2) 
where PO(t) = s” A(T) dT. The function C,(u) will have different forms in the 
ranges - t < u”< 0, and 0 < u < x,; consider the point u = - t (x = 0) 
in the first range, then 
gl(- t, t) = 0 = 1 - C,( - t) e-P@ (2.3) 
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so that C,(U) = epo(+‘). Thus in - t < u < 0 
g,(u, t) _ 1 ~~ ,-:Idf)-P&d 
In the range 0 < u < x1, however, we let t = 0 so that 
(2.4) 
g,(u, 0) = 1 - C,(u) = I:, 1’1 f : “s:; 
it follows then that 
g,(u, t) = 1 - (1 - g,(u, 0)) e-@(‘). (2.5) 
Thus we may for - t < u < co write g,(u, t) quite generally in the form 
g,(u, t) = 1 -- 6(u, 0) e--(po(t)--po(-U)J - { 1 - 6(u, O)] (1 - g,(u, 0)) Pa(t) 
(2.6) 
where 6(u, 0) = 1 for u < 0 and 0 for II > 0. We see clearly that 
C,(u) = 6(u, 0) epo(+) A- {l - S(u, 0)) (1 - g,(u, 0)) (-t<uuco). 
From (2.6) we may readily express fr(x, r) in the form 
f&, t) = 1 - qx, 1) e-h(t)-Po(-)) - (1 - 8(x, t)>(l -fi(x - t, 0)} eP”? 
(2.7) 
Subsequent fi(x, t) may be equally easily derived from the g$(u, t), and we 
shall usually not carry out such transformations. 
For i = 2, *a*, n, we have that 
or 
where 
g (giePi-ltt)) = g (ePi--lct)) giel 
pi(t) = s t XT) qi(T) dT 
(i = 0, 1, “‘) n - 1). 
0 
By direct integration with respect to t, we find that 
gi(U, t) = ggel(u, t) + eP-1(t) 1s: epdel(‘) X(T) +JT) 
X [gi-l(u, T) - gi-z(U, T)] dT - Ci(u)/ 
for i = 1, ..a, n, withg,(u, t) defined equal to unity. 
(2.8) 
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We proceed to show by induction that 
g&i, t) = g&, t) - e-p’-l(t) g c&4 &2,(t) + G(u) j 
z 1 - 5 e-u(t) ]gqu) R;:;(t) + C,(u)/ (2.9) 
j=l 7=1 
or 
f&c, t) = 1 - 2 e-P+l(f) @(x - t) R;:;(t) + Cj(X - t)/ 
where 
(2.10) 
R;::(t) = St eps(r)--pa-l tr) h(T) q+,(T) dT 
0 
Rf,(t) = j:e Ps+1(T)-Ps(7) h(7) C&(T) R;:;(T) dT 
(s = I, ..‘, n - 1) 
(s = 1, “‘) n - 2), 
R”,?:(t) = j: e P~+k+~(5)-P~+r(T) x(T) qs+&) R;+:-l(T) dT 
(s = 1, ‘.., n - K - 2), 
and the C,(U) are functions of u which may be found for j > 1 in the same 
way as for j = 1. 
It is clear thatg,(u, t) is of the form (2.9); let us assume for the moment that 
gi+(u, t), giP1(u, t) are also of this form. Then from (2.8) we see that 
g.( I % t) = gipl(u, t) - eeP+lct) 
IS 
t ePi-1(7)-P*-a (7) h(T) qi-2(T) 
0 
. [$; c,(u) R::;(T) + ci-l(u)] dT + c,(U) 1 
= 1 - 5 eCPj-ltt) 12 C,(u) @If(t) + Cj(u)/ 
j=l 
which proves our postulate. 
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The C,(U) may be obtained successively in the range -- t < u < 0 by 
putting u = - t (X = 0) in (2.9) so that 
gi(- t, t) -- gipl(- t, t) = 0 = - e-p”-‘(‘) @(- t) R;::(t) -c C& t)( 
r-1 
and thus 
i-l 
C,(u) = - c C,(u) I?::;(- u). 
r=1 
(2.11) 
Since C,(U) is known, the remaining C,(U) (i = 2, .a., rz) can be obtained 
step by step from it. Similarly for the range 0 < u < xi , we have from (2.9) 
that if t = 0 
g&, 0) - g&L, 0) = C,(u) = I1 
10 
for xi-1 < u < xi 
elsewhere. 
Thus the gi(u, t) =fJx, t) are now fully defined. 
III. EXTENSION OF THE METHOD TO AN ERLANG REPLACEMENT PROCIBS 
The methods of Section I are applicable, with some modifications, to the 
case for which replacement times are distributed as a simple Erlang distribu- 
tion 
where h is a constant, and k 3 1 is an integer. We may assume in this case 
that replacement takes place in k stages, each of these being independently 
exponentially distributed with the probability density function e-“% 
If, as before, we assume that the process starts at t = 0 with elements of 
ranked ages 0 < xi < x2 < **. < x, , we may write the column of d.f.‘s 
of ages of ranked elements between the (m - 1)th and mth stages of the Erlang 
replacement process as 
Fm(x, t, =fmi(x~ t I xi , O) (i = 1, 2, .‘a, n; m - 1, a**, k) 
where these d.f.‘s again have discontinuities in x for x > t (t fixed) and also 
in t for t < x (x fixed). We note that 
while for any m,fmi(x, t) = 1 if x > xi + t. 
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Now suppose the probabilities of replacement at all stages 1, e-e, K - 1 
are zero, while those of the ith ranking element at the Kth stage are pi which, 
for simplicity, are taken to be constants. Then if we consider the d.f.‘s in the 
various stages m = 1, se., k at times t, t + St, subject to the previous provisos 
for the partial derivatives with respect to t and x at the points x = xi + t 
(j = 0, 1, *a*, n), we obtain in each of the ranges 
O<x<t, xj-1 + t d x < xj + t ( j = 1, a**, n; x0 = 0) 
that 
(++&)Fl= -h{F,-[I-Q]F,-E} (3.1) 
while 
( Y& + t, F,n = - X{F, - F,n-1) 
(m = 2, **v, k). (3.2) 
The matrix Q with the array of constant elements pi (i = 0, *a*, n - 1) 
and the vector E in (3.1) are the same as in (1.1). 
Applying the transformation u = x - t, with t unchanged, and writing 
G,,,(u, t) = F,(x, t) these equations reduce to 
~+ii~~=~p~]G,+ii~ 
% + XG, = XG,, (m = 2, .*a, K) (3.3) 
in each of the ranges - t < u < 0, xi-r < u < x, (J’ = 1,2, ***, n; x0 = 0), 
where I is the unit matrix. 
We may, following the method in Section I, write G’ = [G,‘, G2/, a**, Gk’] 
for the row vector of the G,‘, and express (3.3) in the form 
+‘G=xE (3.4) 
where P is the (nk x nk) matrix with (n x n) submatrices 
0 -[I -81 
-IIO-*- 0 0 
0 00.*.-I I 
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Then, as before, if we write F’ = [Fr’ , F2’, *.e, Fk’], it follows that for any 
x20 
F(x, t) = e-APt{F(.t - t, 0) + P-l[eAPL - I] E - 6(x, t) P-‘[eAP(+-n) - I] I:‘) 
(3.5) 
whereS(x, t) = 1 ifx < tandO ifx > t. 
We may, however, use different methods to simplify this result. 
Taking Laplace transforms G,* (m = 1, I**, k) with respect to time in 
(3.3), we find that in each of the ranges - t < u < 0 and xj-r < u < xi 
(j = 1,2, **- n; x0 = 0) 
G *=---- m A G,*_l h-bs 
(m = 2, ..., k) (3.6) 
so that G,* = [A/@ + s)]“-l G,*, and hence 
The above transform may be rewritten, providing 
I I l+ff>l-p,, 
in the form 
G,* = 2 [I - Q]’ Itx :;Tk+l G,(u, 0) + (&-jr”” Ees;‘“‘t’ 1 . (3.8) 
I=0 
Inverting this we obtain 
Gl(u, t) = f$ [I - Q]T!e-At $$ G,(u, 0) + [I - 6(x, t)] j: ed’ j$$ XEdr 
G-=0 
+ 6(x, t) j:+ue-“$ghEd7! . (3.9) 
Now it is well known that 
k-l 
k-1 c ewrnAt = so K 
VT=0 
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where w is a kth root of unity. Hence we may finally write (3.9) in the form 
F,(x, t) = k-l E jexp { - ht[Z - 24P(Z - Q)l’k])Fl(x - 4 0) 
VI=0 
+ [ 1 - 6(x, t)] 1: exp { - AT[Z - zP(Z - Q)l/"]} MS 
+ 6(x, t) /=exp (- hT[Z - wyz - $p-q) hEdr/ 
0 
k-l 
= u - 6(x, t) k-1 2 exp (- Xx[Z - w”(Z - Q)‘/k)} 
m=O 
k-l 
x [Z - w”(Z - Q)llk]-l E 
- K-1 2 exp (- ht[Z - wm(Z - Q)l/“]) 
TlL=O 
x {[I - wm(Z - Q)l’k]-’ E[l - 6(x, t)] -F&x - t, O)} (3.10) 
where U is the vector of unit elements. 
The remaining F$(x, t) can easily be found from the relation (3.6). As 
t + co, it is clear that the vector of stationary distributions is given by 
k-l 
F,(X) = U - K-1 z exp (- xX[Z - wm(Z - Q)l/k]} [Z - w”(Z - Q)l/k]-l E. 
n&=0 
(3.11) 
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